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What is a bifibration?

Formally, we ask for solutions to lifting problems of the following type:

E

B

π

S f` S

A B

fS

f

g´ T T

B C

gT

g

...and moreover that these liftings are universal (cartesian) in the following sense...

S f` S T

A B C

fS f zg α

f g

=
S T

A B C

α

f g

=
S g´ T T

A B C

α f {g gT

f g
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Bifibrations as indexed families of adjunctions

A consequence of the definition is that in a bifibration π : E ↠ B, pushing and pulling
along any given arrow f : A Ñ B in B induces an adjunction between fiber categories:

EA EB

f`

f´

K
S ùñA f´ T

f` S ùñB T

Indeed, any functor E Ñ B equipped with the structure of a bifibration can be
transformed into a pseudofunctor B Ñ Adj, and vice versa.
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Our problem

Given a functor p : D Ñ C, what is the free bifibration generated by p?

D Bifppq

E

C

p

ηpηp

Λp
Cat{C BifCatpCq

Λ

U

%
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Prior work

To our knowledge, the only explicit construction of the free bifibration Λp appears in
an unpublished paper of François Lamarche.2

But the problem is also closely related to the problem studied by Robert Dawson,
Bob Paré, and Dorette Pronk of “freely adjoining adjoints” to a category.3 That
consists of constructing a 2-category Π2pCq equipped with a functor p´q

` : C Ñ Π2pCq

sending every arrow f of the original category C to a left adjoint f` % f´ in Π2pCq.

2F. Lamarche, Path Functors in Cat, unpublished manuscript, hal-00831430. See also: Modeling
Martin-Löf type theory in categories, Journal of Applied Logic 12, 2014.

3R. Dawson, R. Paré, D. Pronk, Adjoining adjoints, Advances in Mathematics 178(1), 2003.
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Background on double categories

We consider double categories as internal categories in Cat.

E :“
E1

E0

tgtsrc E1 ˆE0 E1 E1 E0
d U (+ equations)

A double cell of E
A B

C D

S

˝

f

α T

˝

g

is thus represented by an arrow α : S Ñ T in E1 with srcpαq “ f and tgtpαq “ g.4

4Note we draw “tight” 1-cells horizontally and “loose” 1-cells vertically.
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Fibrant double categories

A double category is said to have companions and conjoints if for every tight 1-cell
f : A Ñ B there are loose 1-cells Ff : A B˝ and Gf : B A˝ equipped
with double cells

A B

B B

Ff

˝

f

ñ UB

˝

A A

A B

UA

˝

ñ Ff

˝

f

B B

A B

Gf

˝

ñ UB

˝
f

A B

A A

UA

˝
f

ñ Gf

˝

satisfying a few equations. E has companions and conjoints iff psrc, tgtq : E1 Ñ E0 ˆ E0
is a bifibration (Shulman), in which case it is also said to be a fibrant double category.
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Relation between these problems

Remarkably, taking the free bifibration on the identity functor generates a category
ZpCq :“ BifpidCq that may be equipped with the structure of a double category
ZpCq :“ ZpCq Ñ C, and which is the free fibrant double category on C.

The underlying vertical 2-category of this double category is equivalent to DPP’s free
adjoint construction, VpZpCqq » Π2pCq.

Conversely, the free bifibration on an arbitrary functor p may be recovered from ZpCq

by pulling back and pushing forward along the source and target functors:

D Bifppq

C ZpCq C

p Λpz

src tgt
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Our approach (details in arXiv:2511.07314)

1. We develop a systematic proof-theoretic construction of free bifibrations:
§ objects of Bifppq are formulas of a primitive “bifibrational logic”;
§ arrows are derivations in a cut-free sequent calculus considered up to a notion of

permutation equivalence, with composition defined by cut-elimination.

2. We analyze the zigzag double category ZpCq generated as the free bifibration on
p “ idC , proving that it is the free fibrant double category on C. Meanwhile, we
also introduce natural string diagrams for representing double cells.

3. Using ideas from proof theory, we obtain a canonicity result (ñ decidability and
enumeration) under a certain assumption on the base category C.

4. We identify a number of combinatorially interesting examples.
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A quick illustration

(generating functor p)

D X Y

C A B C

p

α

f

h

g

“

(derivation of an arrow f´ f` X Ñ h´ g` Y in BifppqA)

X ùñ
f

Y

´́´́´́´́´ α

X ùñ
fg

g
`

Y

´́´́´́´́´́´́ Rg`

f
`

X ùñ
g

g
`

Y

´́´́´́´́´́´́´́´ Lf`

f
´

f
`

X ùñ
fg

g
`

Y

´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ Lf´

f
´

f
`

X ùñ
h

g
`

Y
““““““““““““““““““““

f
´

f
`

X ùñ
idA

h
´

g
`

Y

´́´́´́´́´́´́´́´́´́´́´́ Rh´

(corresponding double cell in ZpCq)

X Y

A B

A C

B C

A C

A C

A A

α

f

g

fg

f

g

f

fg

h

h
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The zigzag double category
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Objects and 1-cells

We suppose given some category C, for example:
C

A B

D

f

g

h

The objects and horizontal 1-cells of ZpCq are the objects and arrows of C.

The vertical 1-cells are zigzags of arrows in C,

A B D B C
f h h g

equivalently represented as bifibrational formulas

g` h´ h` f` A
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2-cells

Double cells are generated as vertical stacks of the following basic cells

A C

B C

f

fg

L`

g

A1 A

A1 B

f 1

R` f

f 1f

C C 1

B C 1

g

g1

L´

gg1

A C

A B

fg

R´ g

f

modulo the following permutation equivalence relations:

¨ ¨

¨ ¨

¨ ¨

g

L´f

fg

R` h

fgh

„

¨ ¨

¨ ¨

¨ ¨

g

R` h

gh

L´f

fgh

¨ ¨

¨ ¨

¨ ¨

fg

f L`

g

R` h

gh

„

¨ ¨

¨ ¨

¨ ¨

fg

R` h

fgh

f L`

gh

¨ ¨

¨ ¨

¨ ¨

gh

L´f

fgh

R´

fg

h

„

¨ ¨

¨ ¨

¨ ¨

gh

R´

g

L´

h

f

fg

¨ ¨

¨ ¨

¨ ¨

fgh

f L`

gh

R´

g

h

„

¨ ¨

¨ ¨

¨ ¨

fgh

R´

f

fg

L`

h

g
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Identity and composition

Vertical composition = vertical concatenation, with unit = length-0 zigzag.

The identity on an arbitrary zigzag is given as a stack of identities on length-1 zigzags:

A A

A B

B B

R` f

f

L`f

B B

A B

A A

L´g

g

R´ g

Horizontal composition provides a way of gluing two stacks that match along their
intermediate boundary zigzag, and can be defined by induction (cut-elimination!).
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String diagrams

A C

B C

f

fg

L`

g

A1 A

A1 B

f 1

R` f

f 1f

C C 1

B C 1

g

g1

L´

gg1

A C

A B

fg

R´ g

f

(the original generators)
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String diagrams

f

A

f

B

g

C

g

L`L`L`

f 1

A1 f

A

f 1

B

f

R`R`R`

g1

C 1g
C

g1

B

g

L´L´L´ g
C

g

B

f

A

f

R´R´R´

(the generators, dualized)
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String diagrams

f

A

f

B

g

C

g

f 1

A1 fA

f 1

B

f

g1

C 1g C

g1

B

g

g
C

g

B

f

A

f

(bending wires)
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String diagrams

„ „ ¨ ¨ ¨

(generators of permutation equivalence)
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String diagrams

(generating functor p)

D X Y

C A B C

p

α

f

h

g

“

(derivation of an arrow f´ f` X Ñ h´ g` Y in BifppqA)

X ùñ
f

Y

´́´́´́´́´ α

X ùñ
fg

g
`

Y

´́´́´́´́´́´́ Rg`

f
`

X ùñ
g

g
`

Y

´́´́´́´́´́´́´́´ Lf`

f
´

f
`

X ùñ
fg

g
`

Y

´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ ´́ Lf´

f
´

f
`

X ùñ
h

g
`

Y
““““““““““““““““““““

f
´

f
`

X ùñ
idA

h
´

g
`

Y

´́´́´́´́´́´́´́´́´́´́´́ Rh´

(corresponding double cell in ZpCq)

X Y

A B

A C

B C

A C

A C

A A

α

f

g

fg

f

g

f

fg

h

h

(complete diagram on the right, with equalities and axioms as nodes)
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Canonicity
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A bump in the road

Ideas from proof theory5 motivated us to look for canonical representatives of
derivations in Bifppq/stacks in ZpCq...

but it turns out that permutation equivalence is
undecidable in general!6 Nevertheless, canonical forms exist when the base category is
factorization preordered...

5For background, see Section 3.1 of our paper and:
§ J-M Andreoli, Logic Programming with Focusing Proofs in Linear Logic, JLC 2:3, 1992
§ K. Chaudhuri, D. Miller, A. Saurin, Canonical Sequent Proofs via Multi-Focusing, TCS 2008.

6Cf. DPP, Undecidability of the free adjoint construction, Applied Categorical Structures 11, 2003.
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Factorization preordering (FP)

Given a subset of arrows W, we say a category is W-FP just in case every commuting
square of the following form has at most one diagonal filler:

¨ ¨

¨ ¨

x

fPW gPW

y

We say a category C is FP if it is C-FP (i.e., every square has at most one filler7).

Examples:
§ every free category is FP, as is every preorder category
§ every category is both epi-FP and mono-FP

7This terminology is due to P. Johnstone (A note on discrete Conduché fibrations, TAC 5:1, 1991).
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Maximal multifocusing

Idea:
1. without loss of generality, can restrict to strictly alternating zigzags;

2. apply invertible rules (L`/R´) whenever possible, forcing strict alternation with
non-invertible rules (L´/R`);

3. apply L and R rules in parallel where possible, as close to the root as possible.

More generally, let ZpC, P, N q be the double category of pP, N q-restricted zigzags
(moving forward along f P P and backwards along g P N ). If C is both P-FP and
N -FP, then every stack in ZpC, P, N q has a unique maximally multifocused normal
form that characterizes its equivalence class.
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0
0

0
1

0
0

0
2

1
1

0
3

2
3

0
3

0
0

R
`

R
´

R
`

L
`

R
´

L
´

R
`

L
`

L
´

R
´
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Three examples (with illustrations)
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Example #1

Let p2 : 1 Ñ 2 be the functor shown below:

1 ˚

2 0 1

p2

f

Question: what is the fiber of Bifpp2q over 0?

Answer: Bifpp2q0 » ∆ the augmented simplex category!
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‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

‚ ‚

0 0

0 1

1 1

0 1

1 1

0 1

0 0

0 1

0 0

R`

L`

L´

L`

L´

R´

R`

R´

0 0

0 1

1 1

0 1

0 0

0 1

1 1

0 1

0 0

R`

L`

L´

R´

R`

L`

L´

R´

0 0

0 1

0 0

0 1

1 1

0 1

1 1

0 1

0 0

R`

R´

R`

L`

L´

L`

L´

R´

(the three order-preserving maps 2 Ñ 2 and corresponding focused stacks)
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Example #2

Let ω be the totally ordered set of natural numbers considered as a category.

1 ˚

ω 0 1 2 ¨ ¨ ¨

pω

f0 f1 f2

Question: what is the fiber of Bifppωq over 0?

Answer: Bifpp2q0 » PTree, the subcategory of rωop, ∆s spanned by finite plane trees!
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f´ f´ f´ f` f` f´ f` f` f´ f` f´ f´ f` f` ˚

˚

0 3 1 2 0 1 0 2 0

‚

‚ ‚ ‚

‚ ‚ ‚

‚

(Catalan objects: Dyck word Ø walk Ø zigzag Ø plane tree)
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T p3q“ 1 “ t 0 u 0

T p2q“ 3 “ t 0 ă 1 ă 2 u 0 1 2

T p1q“ 3 “ t 0 ă 1 ă 2 u 0 1 2

T p0q“ 1 “ t 0 u 0

(plane tree represented as a functor T : ωop Ñ ∆)
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Sp3q “ 0 T p3q “ 1 0

Sp2q “ 3 T p2q “ 3 0 1 2 0 1 2

Sp1q “ 3 T p1q “ 3 0 1 2 0 1 2

Sp0q “ 1 T p0q “ 1 0 0

(plane tree morphism as natural transformation S ñ T : ωop Ñ ∆)
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0
0

0
2

2
2

1
2

2
2

0
2

0
0

0
1

0
0

0
2

1
1

0
3

2
3

0
3

0
0

R
`

L
`

L
´

L
`

L
´

R
´

R
`

R
´

R
`

L
`

R
´

L
´

R
`

L
`

L
´

R
´

0
0

0
2

2
2

1
2

2
2

0
2

0
0

0
1

0
0

0
2

1
1

0
3

2
3

0
3

0
0

‚

‚ ‚ ‚ ‚ ‚ ‚

‚ ‚ ‚ ‚ ‚ ‚

‚ ‚

(plane tree morphism as maximally multifocused stack)
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0 0

0 2

0 0

0 1

0 0

0 2

2 2

1 2

2 2

0 2

1 1

0 3

2 3

0 3

0 0

R`

R´

R`

R´

R`

L`

L´

L`

L´

L` R´

L´ R`

L`

L´

R´

0 0

0 2

2 2

1 2

2 2

0 2

0 0

0 1

0 0

0 2

1 1

0 3

2 3

0 3

0 0

R`

L`

L´

L`

L´

R´

R`

R´

R`

L` R´

L´ R`

L`

L´

R´

0 0

0 2

0 0

0 1

0 0

0 2

0 1

0 3

2 3

1 3

2 3

0 3

1 3

0 3

2 3

0 3

0 0

R`

R´

R`

R´

R`

R´

R`

L`

L´

L`

L´

L`

L´

L`

L´

R´

0 0

0 2

0 0

0 1

0 0

0 2

2 2

1 2

1 1

1 3

2 3

0 3

1 3

0 3

2 3

0 3

0 0

R`

R´

R`

R´

R`

L`

L´

R´

R`

L`

L´

L`

L´

L`

L´

R´

0 0

0 2

2 2

1 2

2 2

0 2

0 0

0 1

1 1

0 1

0 0

0 2

0 1

0 3

2 3

0 3

0 0

R`

L`

L´

L`

L´

R´

R`

L`

L´

R´

R`

R´

R`

L`

L´

R´

0 0

0 2

2 2

1 2

2 2

0 2

1 2

0 2

0 0

0 1

0 0

0 2

0 1

0 3

2 3

0 3

0 0

R`

L`

L´

L`

L´

L`

L´

R´

R`

R´

R`

R´

R`

L`

L´

R´

0 0

0 2

0 0

0 1

0 0

0 2

2 2

1 2

2 2

0 2

1 2

0 2

2 2

0 2

0 1

0 3

0 0

R`

R´

R`

R´

R`

L`

L´

L`

L´

L`

L´

L`

L´

R´

R`

R´

0 0

0 2

2 2

1 2

2 2

0 2

0 0

0 1

0 0

0 2

1 2

0 2

2 2

0 2

0 1

0 3

0 0

R`

L`

L´

L`

L´

R´

R`

R´

R`

L`

L´

L`

L´

R´

R`

R´

0 0

0 2

2 2

1 2

2 2

0 2

0 0

0 1

1 1

0 1

0 0

0 2

2 2

0 2

0 1

0 3

0 0

R`

L`

L´

L`

L´

R´

R`

L`

L´

R´

R`

L`

L´

R´

R`

R´

0 0

0 2

2 2

1 2

2 2

0 2

1 2

0 2

0 0

0 1

0 0

0 2

2 2

0 2

0 1

0 3

0 0

R`

L`

L´

L`

L´

L`

L´

R´

R`

R´

R`

L`

L´

R´

R`

R´

0 0

0 2

2 2

1 2

2 2

0 2

1 2

0 2

2 2

0 2

0 0

0 1

0 0

0 2

0 1

0 3

0 0

R`

L`

L´

L`

L´

L`

L´

L`

L´

R´

R`

R´

R`

R´

R`

R´

(exhaustive enumeration of morphisms S ñ T as maximally multifocused stacks)
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Example #3

Let i : N Ñ ∆ be the inclusion of the natural numbers (seen as a discrete category)
into the simplex category, and build the free (epi,mono)-fibration8 generated by i.

Next quotient by the Beck-Chevalley condition for bicartesian squares:

. .

. .
a

c

d

b

BC c` a´ „
ùñ d´ b`

Question: what does this give you? Answer: the lattice of noncrossing partitions!

8This builds an “ambifibration” relative to the epi-mono factorization system on ∆, in the
terminology of Joachim Kock. By its universal property, this free ambifibration admits a canonical
functor Bifpi, ∆epi, ∆monoq Ñ ∆∆∆ to the so-called “fat Delta” category (Kock, 2006).
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ùñ

t t 0,1 u,t 2,4 u,t 3 u,t 5 u,t 6,7 u u ď t t 0,1,2,3,4 u,t 5 u,t 6,7 u u

8 8

6 7

6 6

6 2

5 2

4 2

2 2

0 2

0 0

1,1,1,0,1,0,1,1

1,1,1,0,1,0,2

1,1,1,1,1,1,2

1,1,1,0,1,2

1,1,1,1,1,0,1

4,2

5,1

1,1,2,1,1

3,2

1,1,0,1,1

2,2

2,2

0,0

0,0

0,0

L´ R`

R´

R`

L`

L´

L`

L´

R´

(a morphism in Bifpi, ∆epi, ∆monoq and the corresponding refinement of NCPs)
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Conclusion
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Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314

Originally began as an exercise in categorical proof theory with motivations from logic
and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.

Some future (and current) directions:
§ free bifibrations of polycategories and 2-categories
§ combinatorics of localization (w/Luca Castelli and Gilles Schaeffer)
§ amfibrational study of noncrossing partitions (w/Alizée Marquardt)

Thank you!

33 / 33

https://arxiv.org/abs/2511.07314


Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314

Originally began as an exercise in categorical proof theory with motivations from logic
and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.

Some future (and current) directions:
§ free bifibrations of polycategories and 2-categories
§ combinatorics of localization (w/Luca Castelli and Gilles Schaeffer)
§ amfibrational study of noncrossing partitions (w/Alizée Marquardt)

Thank you!

33 / 33

https://arxiv.org/abs/2511.07314


Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314

Originally began as an exercise in categorical proof theory with motivations from logic
and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.

Some future (and current) directions:
§ free bifibrations of polycategories and 2-categories
§ combinatorics of localization (w/Luca Castelli and Gilles Schaeffer)
§ amfibrational study of noncrossing partitions (w/Alizée Marquardt)

Thank you!

33 / 33

https://arxiv.org/abs/2511.07314


Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314

Originally began as an exercise in categorical proof theory with motivations from logic
and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.

Some future (and current) directions:
§ free bifibrations of polycategories and 2-categories
§ combinatorics of localization (w/Luca Castelli and Gilles Schaeffer)
§ amfibrational study of noncrossing partitions (w/Alizée Marquardt)

Thank you!

33 / 33

https://arxiv.org/abs/2511.07314


Extra slides
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Dagger structure on zigzags

An involution reversing the direction of vertical 1-cells while preserving horizontal
1-cells and the orientation of 2-cells.

A C

B C

f

fg

L`

g

Ø

B C

A C

f

g

L´

fg

A B

A C

f

R` g

fg

Ø

A C

A B

fg

R´ g

f

p´q: : ZpCq Ñ ZpCqv

ZpCq ZpCq

C

src

p´q:

tgt
p´q:

„
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Displayed bifibrations

E

C
bifibration ðñ ZpCqJ SpanpSetq

lax

Interpretation of the generators:

ObA Arrfg ObC

ObB Arrg ObC

f` L`

ObA1 Arrf 1 ObA

ObA1 Arrf 1f ObB

R` f`

ObC Arrg1 ObC1

ObB Arrgg1 ObC1

g´ L´

ObA Arrfg ObC

ObA Arrf ObB

R´ g´
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Sequent calculus: formulas

Judgment S < A (“S an object of Bifppq lying over A”)

Formation rules:

X P D ppXq “ A

X < A

S < A f : A Ñ B

f` S < B

f : A Ñ B T < B

f´ T < A
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Sequent calculus: derivations and proof-terms

Judgment α : S ùñh T (“α : S Ñ T represents an arrow of Bifppq lying over h”)

Inference rules:
δ : X Ñ Y P D ppδq “ f

δ : X ùñ
f

Y
δ

α : T ùñ
g1

T 1

g.α : g´ T ùñ
gg1

T 1
Lg´

α : S1 ùñ
f 1

S

α.f : S1 ùñ
f 1f

f` S
Rf`

α : S ùñ
fg

T

f zg α : f` S ùñ
g

T
Lf`

α : S ùñ
fg

T

α f { g : S ùñ
f

g´ T
Rg´
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Permutation equivalences in proof-term syntax

pf .αq.h „ f .pα.hq for α over g (1)
pf zg αq.h „ f zgh pα.hq for α over fg (2)

pf .αq fg{ h „ f .pα g{ hq for α over gh (3)
pf zgh αq g{ h „ f zg pα fg{ hq for α over fgh (4)
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Strong multifocusing

δ : X Ñ Y P D ppδq “ f

δ : X ùñ
f

Y
δ

αm : N ùñ
πf

P

π zf αm : π` N ùñ
f

P
Lπ`

αm : N ùñ
πfρ

P

π z αm
f

{ ρ : π` N ùñ
f

ρ´ P
Lπ`Rρ´

αm : N ùñ
fρ

P

αm f { ρ : N ùñ
f

ρ´ P
Rρ´

αm : P ùñ
f

Q

σ.αm : σ´ P ùñ
σf

Q
Lσ´

αm : P ùñ
f

N

σ.αm.τ : σ´ P ùñ
σfτ

τ` N
Lσ´Rτ`

αm : N ùñ
f

M

αm.τ : N ùñ
fτ

τ` M
Rτ`
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Rewriting rules for maximal multifocusing

¨ ¨

¨ ¨

¨ ¨

πfρ

π L` R´

f

ρ

τσ L´ R`

σfτ

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

πfρ

R´

πf

ρ

τR`

πfτ

π L`

fτ

σ L´

σfτ

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

πfρ

π L`

fρ

σ L´

σfρ

R´ ρ

σf

τR`

σfτ

seqR
L

parR
L

seqL
R

parL
R

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

afc

a L`

fc

b L´

bfc“b1gc

b1 L`R´

g

c

L´R` de

egd

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

afc

a L`R´

f

c

db L´R`

bfd“b1gd

b1 L`

gd

e L´

egd

graL

bf “ b1g

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

afc

a L`R´

f

c

db L´R`

bfd“bgd1

R´ d1

bg

eR`

bge

¨ ¨

¨ ¨

¨ ¨

¨ ¨

¨ ¨

afc

R´

af

c

dR`

afd“agd1

a L`R´

g

d1

L´R` eb

bge

graR

fd “ gd1

Theorem: the rewrite system ppar Y graq is SN, under the FP-condition.
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