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What is a bifibration?

Formally, we ask for solutions to lifting problems of the following type:

E S T
B A1 . p B———C
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What is a bifibration?

Formally, we ask for solutions to lifting problems of the following type:

£ S -5 s g1 -
B A—L B B—2 . C

...and moreover that these liftings are universal (cartesian) in the following sense...

g Is ol f\go T g o T g ar/g G T N

At p_ 9 . ¢ aA—"sB2sc 4t . p_9., ¢
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Bifibrations as indexed families of adjunctions

A consequence of the definition is that in a bifibration 7 : £ — B, pushing and pulling

along any given arrow f : A — B in B induces an adjunction between fiber categories:

f'_
7 S = - T
sa 1L &g S=afT
'

Indeed, any functor £ — B equipped with the structure of a bifibration can be
transformed into a pseudofunctor B — Adj, and vice versa.
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Our problem

Given a functor p: D — C, what is the free bifibration generated by p?

D—" . Bif(p) A
\ A
> Ap c Cat/C 1 BifCat(C)
K///// ﬁ\\\\‘77~’”////
c

5/33



Prior work

To our knowledge, the only explicit construction of the free bifibration A, appears in
an unpublished paper of Francois Lamarche.?

But the problem is also closely related to the problem studied by Robert Dawson,

Bob Paré, and Dorette Pronk of “freely adjoining adjoints” to a category.3 That
consists of constructing a 2-category IT5(C) equipped with a functor (—)" : C — TI5(C)
sending every arrow f of the original category C to a left adjoint f* — f~ in II2(C).

2F. Lamarche, Path Functors in Cat, unpublished manuscript, hal-00831430. See also: Modeling
Martin-L&f type theory in categories, Journal of Applied Logic 12, 2014.
3R. Dawson, R. Paré, D. Pronk, Adjoining adjoints, Advances in Mathematics 178(1), 2003.
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Background on double categories

We consider double categories as internal categories in Cat.

&
E := srcl J{tgt &1 xg &1 © & L& (+ equations)
&o
A double cell of
A—.B
$ a dr
C —— D

is thus represented by an arrow o : S — T in & with src(a) = f and tgt(a) = g.*

*Note we draw “tight” 1-cells horizontally and “loose” 1-cells vertically.
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Fibrant double categories

A double category is said to have companions and conjoints if for every tight 1-cell
f A — B there are loose 1-cells Fy: A —e— B and Gy: B —e— A equipped
with double cells

A—1.nB A=—— A B——8B A-1.p
Fy = Ug Ua = %Ff Gf% = %UB UA% = %Gf
B——B AT)B AT}B A——A

satisfying a few equations. [E has companions and conjoints iff (src, tgt) : & — & x &
is a bifibration (Shulman), in which case it is also said to be a fibrant double category.
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Relation between these problems

Remarkably, taking the free bifibration on the identity functor generates a category
Z(C) := Bif(id¢) that may be equipped with the structure of a double category
Z(C) := Z(C) 3 C, and which is the free fibrant double category on C.
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Relation between these problems

Remarkably, taking the free bifibration on the identity functor generates a category
Z(C) := Bif(id¢) that may be equipped with the structure of a double category
Z(C) := Z(C) 3 C, and which is the free fibrant double category on C.

The underlying vertical 2-category of this double category is equivalent to DPP’s free
adjoint construction, V(Z(C)) ~ II2(C).

Conversely, the free bifibration on an arbitrary functor p may be recovered from Z(C)
by pulling back and pushing forward along the source and target functors:

D «——— Bif(p)
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Our approach (details in arXiv:2511.07314)

1. We develop a systematic proof-theoretic construction of free bifibrations:

> objects of Bif(p) are formulas of a primitive “bifibrational logic";
> arrows are derivations in a cut-free sequent calculus considered up to a notion of
permutation equivalence, with composition defined by cut-elimination.
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Our approach (details in arXiv:2511.07314)

1. We develop a systematic proof-theoretic construction of free bifibrations:
> objects of Bif(p) are formulas of a primitive “bifibrational logic";
> arrows are derivations in a cut-free sequent calculus considered up to a notion of
permutation equivalence, with composition defined by cut-elimination.

2. We analyze the zigzag double category Z(C) generated as the free bifibration on
p = idg, proving that it is the free fibrant double category on C. Meanwhile, we
also introduce natural string diagrams for representing double cells.

3. Using ideas from proof theory, we obtain a canonicity result (= decidability and
enumeration) under a certain assumption on the base category C.

4. We identify a number of combinatorially interesting examples.
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A quick illustration

(generating functor p)
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A quick illustration

(derivation of an arrow f~ fT X — h™ gt Y in Bif(p) o)

«
X =Y
f
(generating functor p) e Rg+
X =g4"Y
fg L
D X 25y
l ffx=g4v
P g
! g L
C A—— B —— C X — gty
= fg
h
Frx=gvy
h
Rh~
Ffix=hngvy
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A quick illustration

(corresponding double cell in Z(C))

X 25 Y
(derivation of an arrow f~ ft X — b~ gt Y in Bif(p) 4) A f B
. | | A
X =Y fg
f 4 A——C
(generating functor p) - Rg
X =g4"Y fl H
fg g
D X 25y L B——C
ffx=g4v
2 ; , ’ Lf i ; H
c A—— B "> C Ffx=gv A1 ¢
= fg
" Fix—=gvy H H
" RI™ Ao
FAx—=ngy H &
id 4
A——A
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The zigzag double category
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Objects and 1-cells

g9
We suppose given some category C, for example: , 7  p
\h‘

D

The objects and horizontal 1-cells of Z(C) are the objects and arrows of C.

The vertical 1-cells are zigzags of arrows in C,

Al .p_ ., p.h p_9. ¢

equivalently represented as bifibrational formulas

gth BT A

13/33



2-cells

Double cells are generated as vertical stacks of the following basic cells

A1, o : c-2,
1o H Jf N
B——C /WB BTC/

modulo the following permutation equivalence relations:

C—fgm - T —gh - =g Y —fghs - S —fghs - T —g—
|l Al Aol A4e] 1=k 1¢]
TR TR e e CTre TR
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Identity and composition

Vertical composition = vertical concatenation, with unit = length-0 zigzag.

The identity on an arbitrary zigzag is given as a stack of identities on length-1 zigzags:

A=—=A B—=—=20B
[ S
A—f—> B A—9— B
o | | =]
B=——=21B A=——=A

Horizontal composition provides a way of gluing two stacks that match along their
intermediate boundary zigzag, and can be defined by induction (cut-elimination!).
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String diagrams

Al o A/LA c-—L ¢
e | el e |
B——C A/WB BTC/

(the original generators)
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String diagrams

A
f

B

fyg

/
O
)

(the generators, dualized)
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String diagrams

I q
AR A f g o) You
52\
ff 9 4q

(bending wires)
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String diagrams

‘ ‘

(generators of permutation equivalence)
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String diagrams

(generating functor p)

Fx=ngvy

(derivation of an arrow f~ f© X — h™ gt Y in Bif(p) 4)

S
Fx=gv .
fa
Fx=gvy
" Rh~

id 4

(corresponding double cell in Z(C))

X 25 Y

(complete diagram on the right, with equalities and axioms as nodes)
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Canonicity
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A bump in the road

Ideas from proof theory® motivated us to look for canonical representatives of
derivations in Bif(p)/stacks in Z(C)...

®For background, see Section 3.1 of our paper and:
> J-M Andreoli, Logic Programming with Focusing Proofs in Linear Logic, JLC 2:3, 1992
> K. Chaudhuri, D. Miller, A. Saurin, Canonical Sequent Proofs via Multi-Focusing, TCS 2008.
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A bump in the road

Ideas from proof theory® motivated us to look for canonical representatives of
derivations in Bif(p)/stacks in Z(C)...but it turns out that permutation equivalence is
undecidable in general!®

®For background, see Section 3.1 of our paper and:
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6Cf. DPP, Undecidability of the free adjoint construction, Applied Categorical Structures 11, 2003.
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A bump in the road

Ideas from proof theory® motivated us to look for canonical representatives of
derivations in Bif(p)/stacks in Z(C)...but it turns out that permutation equivalence is
undecidable in general!® Nevertheless, canonical forms exist when the base category is
factorization preordered...

®For background, see Section 3.1 of our paper and:
> J-M Andreoli, Logic Programming with Focusing Proofs in Linear Logic, JLC 2:3, 1992
> K. Chaudhuri, D. Miller, A. Saurin, Canonical Sequent Proofs via Multi-Focusing, TCS 2008.

6Cf. DPP, Undecidability of the free adjoint construction, Applied Categorical Structures 11, 2003.
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Factorization preordering (FP)

Given a subset of arrows W, we say a category is W-FP just in case every commuting
square of the following form has at most one diagonal filler:

We say a category C is FP if it is C-FP (i.e., every square has at most one filler’).
Examples:
» every free category is FP, as is every preorder category

> every category is both epi-FP and mono-FP

"This terminology is due to P. Johnstone (A note on discrete Conduché fibrations, TAC 5:1, 1991).
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Maximal multifocusing

Idea:

1. without loss of generality, can restrict to strictly alternating zigzags;
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3. apply L and R rules in parallel where possible, as close to the root as possible.

O =0 [\ o = o S o S
— [

V7 =an=NUE2N U

=] W W W — [\V] o = ==}

20/33



Maximal multifocusing

Idea:
1. without loss of generality, can restrict to strictly alternating zigzags;

2. apply invertible rules (LT /R™) whenever possible, forcing strict alternation with
non-invertible rules (L~ /R");

3. apply L and R rules in parallel where possible, as close to the root as possible.

Main theorem: if C is FP, then every stack in Z(C) has a unique maximally
multifocused normal form that characterizes its equivalence class.

20/33



Maximal multifocusing

Idea:
1. without loss of generality, can restrict to strictly alternating zigzags;
2. apply invertible rules (LT /R™) whenever possible, forcing strict alternation with
non-invertible rules (L~ /R");
3. apply L and R rules in parallel where possible, as close to the root as possible.

Main theorem: if C is FP, then every stack in Z(C) has a unique maximally
multifocused normal form that characterizes its equivalence class.

More generally, let Z(C, P, N') be the double category of (P, N)-restricted zigzags
(moving forward along f € P and backwards along g € \V). If C is both P-FP and

N-FP, then every stack in Z(C, P, N') has a unique maximally multifocused normal
form that characterizes its equivalence class.
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Three examples (with illustrations)
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Example #1

Let pp : 1 — 2 be the functor shown below:

1
P
2

Question: what is the fiber of Bif(py) over 07

0%1
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Example #1

Let pp : 1 — 2 be the functor shown below:

1
|
2

Question: what is the fiber of Bif(py) over 07

0%1

Answer: Bif(p2)o ~ A the augmented simplex category!
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- p————— N - E e T e T S pe—
:Du%Dn:R%L:L%L:L%R:
o=——0=—0o=—-0o 4y ¢+l o sl o=—0o
O H A e T O A e A e e O
:Wm%L:L%R:W%L:L%R:
o013+l o=—0=—0co s+l - o=—o
SO A — A A — A —— 77— O — > —H 75— O
:R%L:L%L:L%R:R%R:
O— O "5 H(F—— O — 5 " O — O —— O —— O
[ ] ° [ ] [ ] [ ] [ ]

(the three order-preserving maps 2 — 2 and corresponding focused stacks)
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Example #2

Let w be the totally ordered set of natural numbers considered as a category.

1
pwl
w

Question: what is the fiber of Bif(p,,) over 07

ES

fo f1 f2

0 1 2
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Example #2

Let w be the totally ordered set of natural numbers considered as a category.

1
pwl
w

Question: what is the fiber of Bif(p,,) over 07

ES

fo f1 f2

0 1 2

Answer: Bif(pa)o ~ PTree, the subcategory of [w°P, A] spanned by finite plane trees!
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N AN\ S AN

0 —3+1—>2+«—0—1+—0-->2<0 .

(Catalan objects: Dyck word < walk <> zigzag <> plane tree)
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T(3)=1={0} 0
T%Q)—3—{0<1<2} 0 1 2
| N\ / |
T(1)=3={0<1<2} 0 1 2

\0/

T(0)=1={0}

(plane tree represented as a functor 7' : w°? — A)
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S(3)=0—T(3)=1 0
S(2)=3—=T(2)=3 0 172 0 1 2
IS0 O N s Ay
S(1)=3 —=T(1)=3 0 1772 0 1 2
A A N V/— N 4
S(0)=1—T0)=1 0 0

(plane tree morphism as natural transformation S = T : WP — A)
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j@ A TN I
H - A (N f;/ U Q |

e S ——

N2

(plane tree morphism as maximally multifocused stack)
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—

R

@@MQMBMDW@

[ DT b T e B R

:H:ﬁ:%:ﬁ:%:%%ﬁ:

Ce——Ce———o——C——C——C— Nt~ Nt o o N o——0

(exhaustive enumeration of morphisms S = T' as maximally multifocused stacks)
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Example #3
Let i : N — A be the inclusion of the natural numbers (seen as a discrete category)
into the simplex category, and build the free (epi,mono)-fibration® generated by i.

Next quotient by the Beck-Chevalley condition for bicartesian squares:
S
aI BC Id ctam = d b
S

Question: what does this give you?  Answer: the lattice of noncrossing partitions!

8This builds an “ambifibration” relative to the epi-mono factorization system on A, in the
terminology of Joachim Kock. By its universal property, this free ambifibration admits a canonical

functor Bif (4, Aepi, Amono) — A to the so-called “fat Delta” category (Kock, 2006).
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Y =g

({01}, {241{3},{5},{6,7}}

(a morphism in Bif (i, Aepi, Amono) and the corresponding refinement of NCPs)

<

1,23,4},{5},{6,7}}

8§ ———— 8

1,1,1,0,1.0,1.1[ LR ll,],m,m,z
6 —1,1,1,01,02— 7
H R 11,1,1,1,1.0,1
6 —1,1,1,0,12— 6
| e
6 42— 2
1,1,2,1,1 L H

32— 2

1,1,0,1,1

%

|
o

%

|

2
0,0 L H
0,0 —— 2
‘ R I[)O
) =—=0
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Conclusion
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Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314
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Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314
Originally began as an exercise in categorical proof theory with motivations from logic

and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.
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Summary and future work

Bryce Clarke, Gabriel Scherer, NZ: The free bifibration on a functor, arXiv:2511.07314

Originally began as an exercise in categorical proof theory with motivations from logic
and type theory (see Introduction to our paper). This “easy” exercise turned out to be
harder than we expected, but also rewarding as we realized it connected many topics.

Some future (and current) directions:
» free bifibrations of polycategories and 2-categories
» combinatorics of localization (w/Luca Castelli and Gilles Schaeffer)

» amfibrational study of noncrossing partitions (w/Alizée Marquardt)

Thank you!
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Extra slides
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Dagger structure on zigzags

An involution reversing the direction of vertical 1-cells while preserving horizontal
1-cells and the orientation of 2-cells.

459, o B—scC (- z() - z(c)
INC I T ()
B——C A= © -
A1, REELANYG Z(C)*'\:/Z(C)
DR N
A © A ¢
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Displayed bifibrations

£
lbiﬁbration = 7(C)T —2, Span(Set)
C

Interpretation of the generators:

ObA — Arr.fg — Ob(j ObAl — Arrfr — ObA
A L
Obp +— Arry — Ob¢ Oby +— Arrpry — Obp
Obc +— Arry — Ober Oby «— Arry, — Obg

AN ok

ObB — AI‘I‘gg/ — Obc/ ObA — AI’I‘f — ObB



Sequent calculus: formulas

Judgment ST A

Formation rules:

(“S an object of Bif(p) lying over A")

XeD pX)=4 SCA f:A-B

XrCA

ffscns

f:A—>B TCB

ffTCA
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Sequent calculus: derivations and proof-terms

Judgment a: S =, T (“a:S — T represents an arrow of Bif(p) lying over h")

Inference rules:

5:X>YeD p)=f

X —Y 0
a:T?T’ a:S’?S
ga:g T=T g a.f S’:>f+SRfJr
99’ Ir'f
a:STT X a:SﬁT )
Foa:fs—1 "7 a7 S =g T
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Permutation equivalences in proof-term syntax

(f.c).h ~ f.(a.h) for o over g
(f\g @)~ f\gn (c.h) for o over fg
(7-04) fg/ﬁ ~ 7-(04 g/ E) for o over gh

(f\gh @) g/ﬁ~f\g (afg/ﬁ) for a over fgh

N

—~~ A~ ~~
~— — —



Strong multifocusing

5:X>YeD pld)=f

0
0: X=Y
f
Oy N =P Qm : N =P oy N=—P
f nfp +D - fe _
T L7T+ — ¥ — L’]TRp Rp
Pam T N—P " m\an/pim N= 5 P am /PN =g P
am: P=Q y : P=—= N Oy, N = M
f Lo f Dt +
— — o — — —— LoR7 n RT
cg.am:0 P=Q c.om7:0 P—71"N oam T N=>71"M
o ofr fr

7/8



lt*ﬂ
Wl L+ seqL TLR*l

—Jr C-afTh

Rewriting rules for maximal multifocusing

seqk

Theorem: the rewrite system (par U gra) is SN, under the FP-condition.
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